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Singular integral equationsThis paper focuses on the study of a frictional sliding contact problem between a homogeneous magneto-
electro-elastic material (MEEM) and a perfectly conducting rigid ﬂat punch subjected to magneto-
electro-mechanical loads. The problem is formulated under plane strain conditions. Using Fourier
transform, the resulting plane magneto-electro-elasticity equations are converted analytically into three
coupled singular integral equations in which the main unknowns are the normal contact stress, the
electric displacement and the magnetic induction. An analytical closed-form solution is obtained for
the normal contact stress, electric displacement and magnetic induction distributions. The main objective
of this paper is to study the effect of the friction coefﬁcient and the elastic, electric and magnetic
coefﬁcients on the surface contact pressure, electric displacement and magnetic induction distributions
for the case of ﬂat stamp proﬁle.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Magneto-electro-elastic materials (MEEMs), which are charac-
terized by coupling among the elastic, electric, and magnetic ﬁelds,
have drawn considerable attention in recent years. Such materials
include piezoelectric (PE), piezomagnetic (PM), magnetoelectric
(ME) and magneto-electro-elastic (MEE) couplings (Erber et al.,
1997; Meeker and Dozor, 1999; Sander, 1999; Fiebig et al., 2002;
Ryu et al., 2002; Mazumder and Battacharyya, 2003). Because of
the coupling effect, these materials can exchange magneto-elec-
tro-elastic energy from one form to the other. As a result, they have
found increasing applications in several engineering ﬁelds such as
electronic packaging, hydrophones, magnetic ﬁeld probes, medical
ultrasonic imaging and in general as transducers, sensors and
actuators.
He and Guan (2006) mentioned using piezoelectric and piezo-
magnetic materials in making instruments of diverse forms and
shapes, which generates extension, compression, distortion and
such deformations by making use of the variation of additionalelectric ﬁeld and magnetic ﬁeld. He further stated that these
instruments can be utilized for mechanics sensors, which surveys
static stress, vibration stress, distortion stress, acceleration and
other physics variables, and can also make into slight displacement
control machines of simple structure and diverse forms which are
extensively used in excessively delicate location, laser tiny process,
numeral control machine, robot, valve control and so on.
Due to their remarkable properties, the studies on the contact
problems of homogeneous piezoelectric materials have been re-
ported in the open literature. Authors studied both plane and axi-
symmetric problems involving coupling between mechanical,
electric and thermal ﬁelds. Matysiak (1985) investigated the con-
tact problem between a rigid conducting punch and a piezoelectro-
elastic half-plane. Fan et al. (1996) studied the stress and electrical
ﬁeld distributions in a piezoelectric half-plane under a contact load
using Stroh’s formalism. Zhou and Lee (2011) investigated the
thermal contact problem of a piezoelectric layer under a sliding ﬂat
punch. Giannakopoulos and Suresh (1999) presented a general the-
ory for the axisymmetric contact problem of piezoelectric solids.
Guillermo and Paul (2003) studied the contact response of an arbi-
trarily multilayered piezoelectric half-plane indented by a rigid
frictionless parabolic punch based on stiffness matrix formulation.
Wang and Han (2006) solved the axisymmetric contact problem of
an insulating or conducting circular punch on a piezoelectric layer
or half-plane.
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was also studied to characterize their coupling properties. Zhou
and Lee (2012) investigated the two-dimensional moving contact
behavior of piezomagnetic materials subjected to a sliding rigid
punch, in which the effects of the moving punch speed on the
stress and magnetic induction were investigated. Ginnakopoulos
and Parmaklis (2007) applied the Hankel transform to solve the
axisymmetric problem of piezomagnetic solids under speciﬁc mag-
netic boundary conditions. They showed that the coupling be-
tween the elastic and magnetic ﬁelds would lead to a signiﬁcant
effect on the indentation force.
However, very few studies considered the contact problem of
coupled magneto-electro-elastic materials which render the con-
tact problem more complex. Hou et al. (2003) presented exact
solutions of elliptical Hertzian contact of a transversely isotropic
magneto-electro-elastic media for both smooth and frictional con-
tact cases. Zhou and Lee (2013) solved analytically the frictional
sliding contact problem of magneto-electro-elastic materials under
a perfectly insulating rigid punch of a ﬂat or parabolic proﬁle.
Rogowski and Kalinski (2012) solved the axisymmetric frictionless
contact problem of magneto-electro-elastic half-plane and a trun-
cated conical punch assumed to be perfect electric and magnetic
conductor. Chen et al. (2010) developed a complete fundamental
theory to study the frictionless axisymmetric contact problem be-
tween a rigid punch and a magneto-electro-elastic half-space by
considering various types of electric and magnetic boundary
conditions.
To the best of our knowledge, the problem involving at the same
time a frictional contact and a perfectly conducting punch for the
case of a homogeneous magneto-electro-elastic half-plane has not
been solved in the published literature to-date.The conducting case
seems to be more realistic than the insulating case. The problem
under consideration consists of a sliding contact between a homo-
geneous transversely isotropic magneto-electro-elastic half-plane
and a rigid ﬂat punch subjected to a normal load P, a tangential load
Q, an electric charge T and amagnetic charge J. Themixed boundary
value problem is solved analytically using the Fourier transform to
convert the plane magneto-electro-elasticity equations into three
coupled singular integral equations. An analytical closed-form solu-
tion is obtained for the normal contact stresses, electric displace-
ment and magnetic induction distributions.
This paper is organized as follows. The problem description and
formulation is provided in Section 2. The problem solution is de-
tailed in Sections 3. The analytical solution of the problem is given
in Section 4. The numerical results are then discussed in Section 5.
Finally, concluding remarks are given in Section 6.Homogeneous
magneto-electro-elastic
half-plane
, ,P T J
Q Pη=
a− a
x
y
Fig. 1. Geometry and loading of the sliding contact problem for a ﬂat punch.2. Problem description and formulation
We consider the sliding contact problem, shown in Fig. 1, con-
sisting of a homogeneous transversely isotropic magneto-electro-
elastic half-plane with polarization in the y-direction, in contact
with a rigid ﬂat punch subjected to the action of a normal load P
and a tangential load Q. We assume that the punch is a perfect
electro-magnetic conductor with constant electric and magnetic
potentials in response to the indentation of an electric charge T
and a magnetic charge J.
The governing equations of the plane contact problem for homo-
geneous transversely isotropic magneto-electro-elastic solids are
the equilibrium equations, the Gauss law for the electric ﬁeld and
the Gauss law for the magnetic ﬁeld. Neglecting body forces, elec-
tric charge density and the electric current density, the governing
equations of the problem together with the strain–displacement
relationships, the electric ﬁeld-electric potential relationships and
the magnetic ﬁeld-magnetic potential relationships, can be written
as
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where rxx; ryy and rxy are the components of the stress tensor, Dx
and Dy are the components of the electric displacement along x
and y; Bx and By are the components of the magnetic induction
along x and y; exx; eyy and exy are the components of the strain ten-
sor, u and v are the displacements along x and y; Ex and Ey are the
electric ﬁeld components along x and y; Hx and Hy are the magnetic
ﬁeld components along x and y and / and w are the electric and
magnetic potentials.
In Cartesian coordinates x; yð Þ, the linear constitutive equations
of a transversely isotropic magneto-electro-elastic material are
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where cij0; eij0; f ij0; gij0; ði ¼ 1;3;4Þ; ðj ¼ 1;3;4;5Þ, are the elastic,
piezoelectric, piezomagnetic and electromagnetic constants,
respectively. eij0; ði; j ¼ 1;3Þ, are the dielectric permittivities and
lij0; ði; j ¼ 1;3Þ are the magnetic permeabilities.
Table 1
Roots of the characteristic Eq. (9) for different values of the volume fraction v.
v ¼ 0 v ¼ 0:25 v ¼ 0:5 v ¼ 0:75 v ¼ 1
k1 0:9765 0:9195 0:9356 0:9399 0:9274
k2 0:7071 0:8883 0:8061 0:7506 0:7055
k3 1:0109þ 0:0146i 1:8067 1:9028 1:9442 1:9703
k4 1:0109 0:0146i 1:2206 1:3104 1:3796 1:4363
k5 0:9765 0:9195 0:9356 0:9399 0:9274
k6 0:7071 0:8883 0:8061 0:7506 0:7055
k7  1:0109þ 0:0146ið Þ 1:8067 1:9028 1:9442 1:9703
k  1:0109 0:0146ið Þ 1:2206 1:3104 1:3796 1:4363
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into Eq. (1) yields the plane magneto-electro-elasticity partial dif-
ferential equations in terms of the displacement components u and
v, the electric potential /, and the magnetic potential w as the
dependent unknowns
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which must be solved under mechanical, electric and magnetic
boundary conditions.
The mechanical boundary conditions are established in this par-
agraph. The normal and shear stresses ryy x;0ð Þ;rxy x; 0ð Þ
 	
are zero
outside the contact zone on the y ¼ 0 plane. Moreover, the regular-
ity condition requires that stresses vanish at inﬁnity. Furthermore,
it is assumed that the punch is in frictional contact with the mag-
neto-electro-elastic medium and the friction is of Coulomb type
with friction coefﬁcient g. Finally, since the punch is rigid, the nor-
mal displacement v x;0ð Þ is prescribed by the proﬁle of the ﬂat
punch (Fig. 1). Therefore, the mechanical boundary conditions
become
ryy x;0ð Þ ¼ 0; rxy x;0ð Þ ¼ 0; xj j > a; ð5a;bÞ
rxy x; yð Þ; ryy x; yð Þ ! 0; x2 þ y2 !1; ð5c;dÞ
rxy x;0ð Þ ¼ gryy x;0ð Þ; a 6 x 6 a; ð5eÞ
v x;0ð Þ ¼ constant; @v x;0ð Þ
@x
¼ 0; a 6 x 6 a: ð5fÞ
In addition, the total force per unit length along the y-axis in the
contact region should be equal to the indentation force, which is de-
noted as P. Thus,Z a
a
ryy x;0ð Þdx ¼ P: ð6Þ
The electric and magnetic boundary conditions are now estab-
lished in this paragraph. Since the punch is a perfectly conducting
and outside the contact region at y ¼ 0 is surrounded by free space,
the normal component of the electric displacement Dy (magnetic
induction ByÞ outside the contact zone and the electric ﬁeld Ex
(magnetic ﬁeld HxÞ inside the contact region should be zero (Chen
et al., 2010). The regularity condition at inﬁnity dictates that nor-
mal electric displacement and normal magnetic induction vanish
at inﬁnity. We then have
Dy x;0ð Þ ¼ 0; By x;0ð Þ ¼ 0; xj j > a; ð7a;bÞ@
@x
/ x;0ð Þ ¼ 0; @
@x
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Dy x; yð Þ ! 0; By x; yð Þ ! 0; x2 þ y2 !1; ð7e; fÞ
Z a
a
Dy x;0ð Þdx ¼ T;
Z a
a
By x;0ð Þdx ¼ J: ð7g;hÞ
where T and J are the total electric charge and the total magnetic
charge, respectively (Chen et al., 2010).
3. Solution of the sliding contact problem
The magneto-electro-elasticity equations (4a–d) are solved
using Fourier transformation of the ﬁeld variables with respect to
the x-coordinate to yield the solution of the displacement ﬁeld
and the electric and magnetic potentials. The solution of the ﬁeld
variables is given by
u x; yð Þ ¼ 1
2p
Z þ1
1
X8
j¼1
Aj að Þekj aj jyeiax da; ð8aÞ
v x; yð Þ ¼ 1
2p
Z þ1
1
X8
j¼1
MjAj að Þekj aj jyeiax da; ð8bÞ
/ x; yð Þ ¼ 1
2p
Z þ1
1
X8
j¼1
NjAj að Þekj aj jyeiax da; ð8cÞ
w x; yð Þ ¼ 1
2p
Z þ1
1
X8
j¼1
LjAj að Þekj aj jyeiax da; ð8dÞ
where Aj að Þ; j ¼ 1; . . . ;8ð Þ, are the unknown functions determined
from the boundary conditions given by Eqs. (5a,b) and (7a,b),
Mj;Nj; Lj; j ¼ 1; . . . ;8ð Þ, and kj; j ¼ 1; . . . ;8ð Þ, will be determined in
the following.
kj; j ¼ 1; . . . ;8ð Þ, are the roots of the characteristic polynomial
associated with the magneto-electro-elasticity equations (4a–d)
which may be written as
X4 þx3X3 þx2X2 þx1X þx0 ¼ 0; ð9Þ
with X ¼ k2 and the coefﬁcients x0; x1; x2 and x3 are given by
Eqs. (A.1a–d).
It is found analytically that this 8th order nonlinear equation
with real coefﬁcients has two pairs of opposite real roots
(k1 ¼ k5 and k2 ¼ k6Þ and two pairs of complex conjugate roots
(k3 ¼ k7 and k4 ¼ k8Þ. These roots are given in Table 1 for differ-
ent values of the volume fraction vwhich will be deﬁned in Section
5. The analytical expressions of the roots kj; j ¼ 1; . . . ;8ð Þ, are given
by Eqs. (B.1a–h).
Mj;Nj; Lj; j ¼ 1; . . . ;8ð Þ, are determined from the following
equation:
G kj
 	 1;Mj;Nj; Lj
 T ¼ 0; ð10Þ8
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matrix G kj
 	
is given as follows:
G kj
 	¼
c110þc440k2j c130þc440ð Þinkj e310þe150ð Þinkj f310þ f150ð Þinkj
c130þc440ð Þinkj c440þc330k2j e150þe330k2j f150þ f330k2j
e310þe150ð Þinkj e150þe330k2j e110e330k2j g110g330k2j
f310þ f150ð Þinkj f150þ f330k2j g110g330k2j l110l330k2j
2
6664
3
7775;
ð11Þ
in which kj; j ¼ 1; . . . ;8ð Þ, are given by Eqs. (B.1a–h) and
n ¼ aj ja ¼ sgn að Þ where n is the sign function.
Furthermore, only the roots with positive real parts given by
Eqs. (B.1a–h) are retained in the solution to satisfy the regularity
conditions given by Eqs. (5c,d) and (7e,f). Therefore,
A5 að Þ ¼ A6 að Þ ¼ A7 að Þ ¼ A8 að Þ ¼ 0.
Substituting Eqs. (8a–d) into Eq. (2) and the resulting expres-
sion into Eq. (3) yields the components of stress tensor, the electric
displacement and the magnetic induction which may be written as
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Applying the boundary conditions given by Eqs. (5a,b) and (7a,b)
and taking the inverse Fourier transform of the resulting expres-
sions yields the following equations for the unknown functions
Aj að Þ; j ¼ 1; . . . ;4ð Þ:
H11 H12 H13 H14
H21 H22 H23 H24
H31 H32 H33 H34
H41 H42 H43 H44
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>>:
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S að Þ
8><
>>:
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>>;; ð13Þ
where P að Þ; Q að Þ; R að Þ and S að Þ are given by
P að Þ ¼
Z a
a
ryy t;0ð Þeiatdt; Q að Þ ¼
Z a
a
rxy t; 0ð Þeiatdt; ð14a;bÞ
R að Þ ¼
Z a
a
Dy t;0ð Þeiatdt; S að Þ ¼
Z a
a
By t;0ð Þeiatdt; ð14c;dÞ
and the elements Hij; i; j ¼ 1; . . . ;4ð Þ, of the matrix Hare given by
Eqs. (C.1a–d).
Eq. (13) is solved analytically leading to the following expres-
sion of Aj að Þ; j ¼ 1; . . . ;4ð Þ, in terms of P að Þ; Q að Þ; R að Þ and S að Þ:
Aj að Þ ¼ 1det Hð Þ ujPðaÞ þ wjQðaÞ þ vjRðaÞ þ djSðaÞ
h i
; ð15Þ
where uj; wj; vj and dj; j ¼ 1; . . . ;4ð Þ, are given by Eqs. (D.1a–p).
To simplify the notation, we deﬁne
p xð Þ ¼ ryy x;0ð Þ; gp xð Þ ¼ rxy x; 0ð Þ; a 6 x 6 a; ð16a;bÞ
e xð Þ ¼ Dy x;0ð Þ; m xð Þ ¼ By x; 0ð Þ; a 6 x 6 a: ð16c;dÞBased on the obtained solutions for the displacement ﬁeld, the elec-
tric potential and the magnetic potential given by Eqs. (8a–d) and
applying the boundary conditions given by Eqs. (5f) and (7c,d),
the following set of coupled integral equations is obtained:Z a
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Z a
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K31 x; tð Þp tð Þ dt þ g
Z a
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þ
Z a
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K43 x; tð Þe tð Þ dt
þ
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a
K44 x; tð Þm tð Þ dt ¼ 0; a 6 x 6 a; ð17dÞ
where the kernels Kij x; tð Þ; ði; j ¼ 1; . . . ;4Þ, are given by Eqs. (E.1a–
p).
The singular nature of the above integral equations may be
determined by studying the asymptotic behavior of the integrands
found in the expressions of Kij x; tð Þ; ði; j ¼ 1; . . . ;4Þ. After a lengthy
analysis and using the relations given by Eqs. (F.1a,b) and
(F.2a,b), the singular integral equations become
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where the coefﬁcients a0; b0; c0;d0; e0; f0; g0;h0; i0; j0; k0; l0;m0;n0;p0;
q0, are given by Eqs. (G.1a–p).
By introducing the following normalized quantities:
x ¼ ar; t ¼ as; ð19a;bÞ
p tð Þ ¼ p sð Þ; e tð Þ ¼ e sð Þ; m tð Þ ¼ m sð Þ; ð19c-eÞ
p xð Þ ¼ p rð Þ; e xð Þ ¼ e rð Þ; m xð Þ ¼ m rð Þ; ð19f-hÞ
the singular integral equations (18b–d) become
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1
m sð Þ
sr ds¼0 16 r61; ð20aÞ
1
p
Z 1
1
p sð Þ
sr ds
h0
g0
gp rð Þþ i0
g0
1
p
Z 1
1
e sð Þ
sr dsþ
p0
g0
1
p
Z 1
1
m sð Þ
sr ds¼0 16 r61; ð20bÞ
1
p
Z 1
1
p sð Þ
sr ds
k0
j0
gp rð Þþ l0
j0
1
p
Z 1
1
e sð Þ
sr dsþ
q0
j0
1
p
Z 1
1
m sð Þ
sr ds¼0 16 r61: ð20cÞ
The equilibrium condition given by Eqs. (6) and (7g,h) can be also
written in a normalized form as follows:Z 1
1
p sð Þds ¼ P
a
Z 1
1
e sð Þds ¼ T
a
Z 1
1
m sð Þds ¼ J
a
: ð21a-cÞ
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4.1. Normal stress distribution
Combining Eqs. (20a–c), we can ﬁnd the following equation
where the only unknown is the normal stress distribution p rð Þ:
Agp rð Þ  1
p
Z 1
1
p sð Þ
s r ds ¼ 0  1 6 r 6 1; ð22Þ
where
A ¼
b0
a0
þ c0a0
p0k0h0q0
i0q0p0 l0
 
þ m0a0
h0 l0i0k0
i0q0p0 l0
  
1þ c0a0
p0j0g0q0
i0q0p0 l0
 
þ m0a0
g0 l0i0 j0
i0q0p0 l0
   ð23Þ
and the coefﬁcients a0; b0; c0;d0; e0; f0; g0; h0; i0; j0; k0; l0;m0;n0; p0; q0,
are given by Eqs. (G.1a–p).
The solution of Eqs. (21a) and (22) may be expressed in terms of
Jacobi Polynomials Pða1 ;b1Þj rð Þ as
p rð Þ ¼
X1
j¼0
cjw1 rð ÞPða1 ;b1Þj rð Þ  1 6 r 6 1; ð24Þ
where cj; jP 0ð Þ, are unknown coefﬁcients to be determined and
the corresponding weight function w1 rð Þ is given by
w1 rð Þ ¼ 1 rð Þa1 1þ rð Þb1  1 6 r 6 1; ð25Þ
in which
a1 ¼ 1p arctan
1
Ag

þ N0 b1 ¼  1p arctan 1Ag

þM0; ð26a;bÞ
>where N0 and M0 are arbitrary integers (positive, zero or negative)
which are determined from the physics of the problem (Guler,
2009). The index of the integral equation is deﬁned as (Muskhelish-
vili, 1953)
j ¼  a1 þ b1ð Þ ¼  N0 þM0ð Þ: ð27Þ
In order to get integrable singularities, jmust be restricted to 1, 0
or 1.
Deﬁning
p sð Þ ¼ 2r0u sð Þ; ð28Þ
where r0 ¼ P2a, the integral equation (22) and the equilibrium equa-
tion (21a) become
Agu rð Þ  1
p
Z 1
1
u sð Þ
s r ds ¼ 0  1 6 r 6 1; ð29aÞZ 1
1
u sð Þds ¼ 1: ð29bÞ
We note that the function u rð Þ has singularities at r ¼ 1. From the
physics of the problem, both a1 and b1 given by Eqs. (26a,b) are neg-
ative. Considering Eq. (27), we must select N0 ¼ 1 and M0 ¼ 0
(i.e.,j ¼ 1Þ for positive values of the friction coefﬁcient g.
Then the solution of (29a,b) has the form
u rð Þ ¼  sin pa1ð Þ
p
1 rð Þa1 1þ rð Þb1  1 6 r 6 1: ð30Þ
We can ﬁnd the normal stress distribution in physical coordinates
from Eqs. (19f) and (16a) as
ryy x;0ð Þ ¼ 2r0 sin pa1ð Þp 1
x
a
 a1
1þ x
a
 b1  a 6 x 6 a: ð31Þ
It is clear from Eq. (31) that the contact pressure distribution is not
affected by varying the applied electric charge T and electric current
J. This result is also found by Ke et al. (2008) who solved the plane
contact problem of functionally graded piezoelectric materials. To
validate their results, they presented the closed-form solutions on
homogeneous piezoelectric half-plane for the normal stressdistribution which does not depend on the applied electric charge
for the case of a ﬂat punch.
4.2. Normal electric displacement and normal magnetic induction
The normal electric displacement e rð Þ and the normal magnetic
induction m rð Þ may be expressed in terms of the contact pressure
p rð Þ by using Eqs. (20b,c)
1
p
Z 1
1
e sð Þ
s r ds ¼ gK1p
 rð Þ  1 6 r 6 1; ð32aÞ
1
p
Z 1
1
m sð Þ
s r ds ¼ gK2p
 rð Þ  1 6 r 6 1: ð32bÞ
where
K1 ¼ A p0j0  g0q0i0q0  p0l0
 
 p0k0  h0q0
i0q0  p0l0
 
K2 ¼ A g0l0  i0j0i0q0  p0l0
 
 h0l0  i0k0
i0q0  p0l0
 
; ð33a;bÞ
in which, A is given by Eq. (23) and the coefﬁcients
a0; b0; c0; d0; e0; f0; g0;h0; i0; j0; k0; l0;m0;n0;p0; q0, are given by Eqs.
(G.1a–p).
Eqs. (32a,b) are integral equations of the ﬁrst type. The solution
of these equations is given as follows (Erdogan, 1978):
e rð Þ¼w2 rð Þ
p
Z 1
1
gK1p sð Þ
w2 sð Þ srð ÞdsþC2w2 rð Þ 16 r61; ð34aÞ
m rð Þ¼w3 rð Þ
p
Z 1
1
gK2p sð Þ
w3 sð Þ srð ÞdsþC3w3 rð Þ 16 r61; ð34bÞ
where the corresponding weight function w2;3 rð Þ is given by
w2;3 rð Þ ¼ 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2
p  1 6 r 6 1 ð35Þ
and
C2 ¼ 1p
Z 1
1
e sð Þds ¼ T
pa
C3 ¼ 1p
Z 1
1
m sð Þds ¼ J
pa
: ð36a;bÞ
Then, Eqs. (34a,b) become
e rð Þ¼ 1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1r2
p H1 rð Þþ
T
a
 
m rð Þ¼ 1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1r2
p H2 rð Þþ
J
a
 
16 r61;
ð37a;bÞ
where
H1 rð Þ ¼ 
2r0gK1 sin pa1ð Þ
cos pa1ð Þ 1 rð Þ
ða1þ12Þ 1þ rð Þðb1þ12Þ sin pa1ð Þ þ 1
 
;
ð38aÞ
H2 rð Þ ¼ 
2r0gK2 sin pa1ð Þ
cos pa1ð Þ 1 rð Þ
ða1þ12Þ 1þ rð Þðb1þ12Þ sin pa1ð Þ þ 1
 
:
ð38bÞ
We can also ﬁnd the expressions of normal electric distribution
Dy x;0ð Þ and magnetic induction distribution By x; 0ð Þ in physical
coordinates from Eqs. (19g,h) and (16c,d) as follows:
Dy x;0ð Þ ¼  1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 xa
 	2q H1 xð Þ þ Ta
 
; a 6 x 6 a; ð39aÞ
By x;0ð Þ ¼  1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 xa
 	2q H2 xð Þ þ Ja
 
; a 6 x 6 a; ð39bÞ
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H1 xð Þ¼2r0gK1 tan pa1ð Þ 1xa
 ða1þ12Þ
1þx
a
 ðb1þ12Þ
sin pa1ð Þþ1
 
; ð40aÞ
H2 xð Þ¼2r0gK2 tan pa1ð Þ 1xa
 ða1þ12Þ
1þx
a
 ðb1þ12Þ
sin pa1ð Þþ1
 
; ð40bÞ
in which K1 and K2 are given by Eqs. (33a,b).
4.3. In-plane stress, in-plane electric displacement and in-plane
magnetic induction
We can ﬁnd the in-plane stress rxx x;0ð Þ, the in-plane electric
displacement Dx x;0ð Þ and the in-plane magnetic induction
Bx x;0ð Þ from the linear constitutive equations of a tranversely iso-
tropic magneto-electro-elastic material (3a–c) as follows:
rxx x;0ð Þ¼L21ryy x;0ð ÞþL22 gp
Z a
a
ryy t;0ð Þ
tx dtþL23Dy x;0ð Þ
þL24By x;0ð Þ; xj j<1; ð41aÞ
Dx x;0ð Þ ¼ L31p
Z a
a
ryy t; 0ð Þ
t  x dt þ L32gryy x;0ð Þ þ
L33
p
Z a
a
Dy t;0ð Þ
t  x dt
þ L34
p
Z a
a
By t;0ð Þ
t  x dt; xj j <1; ð41bÞ
Bx x;0ð Þ ¼ L41p
Z a
a
ryy t;0ð Þ
t  x dt þ L42gryy x;0ð Þ þ
L43
p
Z a
a
Dy t;0ð Þ
t  x dt
þ L44
p
Z a
a
By t;0ð Þ
t  x dt; xj j <1; ð41cÞrxx x;0ð Þ ¼
2r0 sin pa1ð Þ
p
L21 þ K1L23 þ K2L24ð Þg tan pa1ð Þð Þ 1 xa
 	a1 1þ
þ L22gp L0 xð Þ
 
þ 2r0gK1 tan pa1ð Þ  Ta
 	
L23 þ 2r0gK2 tan pa1ð Þ  Ja
 	
L24
 	
2r0 sin pa1ð Þ
p
L22g
p L0 xð Þ;
8>>>><
>>>>:
Dx x;0ð Þ ¼
2r0 sin pa1ð Þ
p
L32g 1 xa
 	a1 1þ xa 	b1
þ L31þ K1L33þK2L34ð Þg tan pa1ð Þp L0 xð Þ
 !
; a 6 x 6 a;
2r0 sin pa1ð Þ
p
L31þ K1L33þK2L34ð Þg tan pa1ð Þ
p
 
L0 xð Þ
þ 2r0gK1 tan pa1ð Þ
T
að ÞL33þ 2r0gK2 tan pa1ð Þ Jað ÞL34
p L1 xð Þ;
xj j > a;
8>>>>><
>>>>>:
Bx x;0ð Þ ¼
2r0 sin pa1ð Þ
p
L42g 1 xa
 	a1 1þ xa 	b1
þ L41þ K1L43þK2L44ð Þg tan pa1ð Þp L0 xð Þ
 !
; a 6 x 6 a;
2r0 sin pa1ð Þ
p
L41þ K1L43þK2L44ð Þg tan pa1ð Þ
p
 
L0 xð Þ
þ 2r0gK1 tan pa1ð Þ
T
að ÞL43þ 2r0gK2 tan pa1ð Þ Jað ÞL44
p L1 xð Þ; xj j > a;
8>>>><
>>>:
where L0 xð Þ is given by Guler and Erdogan (2004)
L0 xð Þ ¼ psin pa1ð Þ
  xaþ 1
 	a1  xa 1 	b1h i; 1 < x < a;
 xaþ 1
 	a1 1þ xa 	b1 cos pa1ð Þh i; a 6 x 6 a;
x
a 1
 	a1 1þ xa 	b1h i; a < x < þ1;
8>><
>>>:where Lij; i ¼ 2; . . . ;4ð Þ; j ¼ 1; . . . ;4ð Þ, are given by Eqs. (H.1a–l).
Substituting the expressions for the contact pressure, electric dis-
placement and magnetic induction distributions, the in-plane stress
rxx x;0ð Þ, the in-plane electric displacement Dx x; 0ð Þand the in-plane
magnetic inductionBx x;0ð Þmaybeobtained inphysical coordinates as
and L1 xð Þ is the particular case of L0 xð Þwhen a1 ¼ b1 ¼  12.
The stress intensity factor k1 at the end points x ¼ a of the ﬂat
punch can be deﬁned and evaluated from
k1 að Þ ¼ lim
x!a
ryy x;0ð Þ
2b1 a xð Þa1 ¼ 
2r0
paa1
sin pa1ð Þ; ð44aÞ
k1 að Þ ¼ lim
x!a
ryy x;0ð Þ
2a1 aþ xð Þb1 ¼ 
2r0
pab1
sin pa1ð Þ ð44bÞ5. Results and discussion
It has been reported by Chen et al. (2010) that a complete set of
material properties of single-phase magneto-electro-elastic
materials (such as Cr2O3, BiFeO3, YMnO3, LuFe2O3, etc.) cannot be
found in the literature. Hence, they conﬁne themselves to the mag-
neto-electro-elastic composite materials made of piezoelectric
magnetostrictive phases. The material properties of the composite
consisting of piezoelectric ceramic Barium Titanium Oxide, BaTiO3,
and those of piezomagnetic crystalline Cobalt Iron Oxide, CoFe2O4
are chosen for the following numerical illustrations and their prop-
erties are given in Table 2, where all the absent material constants
made equal to zero.
The material properties of the composite are estimated using
the simple rule of mixture based on the volume fraction. Denotingx
a
	b1 !
1
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 xað Þ2
q ; a 6 x 6 a; ð42aÞ
xj j > a; ð42bÞ
ð42cÞ
ð42dÞ
ð42eÞ
ð42fÞ
ð43bÞ
ð43cÞ
Table 2
Material coefﬁcients variation with the volume fraction vbased on Chen et al. (2010).
Volume fraction v
0 0.25 0.5 0.75 1
c110 10
9 Nm2
 
166 196 226 256 286
c130 10
9 Nm2
 
78 101.125 124.25 147.375 170.5
c330 10
9 Nm2
 
162 188.875 215.75 242.625 269.5
c440 10
9 Nm2
 
43 43.575 44.15 44.725 45.3
e150 Cm
2
 
11.6 8.7 5.8 2.9 0
e310 Cm
2
  4.4 3.3 2.2 1.1 0
e330 Cm
2
 
18.6 13.95 9.3 4.69 0
f150 NA
1 m1
 
0 137.5 275 412.5 550
f310 NA
1 m1
 
0 145.075 290.15 435.225 580.3
f330 NA
1 m1
 
0 174.925 349.85 524.775 699.7
e110 109C2 N1 m2
 
11.2 8.42 5.64 2.86 0.08
e330 109C2 N1 m2
 
12.6 9.47235 6.3465 3.21975 0.093
l110 10
6 Ns2 C2
 
5 151.25 297.5 443.75 590
l330 10
6 Ns2 C2
 
10 46.75 83.5 120.25 157
g110 10
12 Ns V1 C1
 
0 6.916 5.367 3.166 0
g330 10
12Ns V1 C1
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Fig. 2. Validation of the normalized contact stress distribution ryy x;0ð Þ=r0
r0 ¼ P=2að Þ, for a homogeneous half-plane subjected to the action of a ﬂat punch
through a comparison with Guler and Erdogan solution (2004) (Results obtained by
Guler and Erdogan, 2004 and by authors are represented by symbols and solid lines,
respectively); P ¼ 1 kN m1; a ¼ 0:01 m 	
3784 R. Elloumi et al. / International Journal of Solids and Structures 50 (2013) 3778–3792for the composite the volume fraction of CoFe2O4 as v and that of
BaTiO3 as 1 v, we then have
XC ¼ XE 1 vð Þ þ XMv; ð45Þ
whereX represents an arbitrarymaterial constant, and the subscripts
C; E and M indicate the composite, piezoelectric phase and piezo-
magnetic phase, respectively.5.1. Validation of the results
To verify the accuracy of the present analysis, two illustrative
examples concerning the contact analysis of homogeneous mag-
neto-electro-elastic half-plane are solved.
The obtained results are ﬁrst compared with those published by
Guler and Erdogan (2004) who considered a frictional sliding con-
tact problem of homogeneous elastic half-plane under the action of
a rigid punch. Fig. 2 illustrates the variation of the friction
coefﬁcient, g, on the normalized contact pressure distributionryy x;0ð Þ=r0; r0 ¼ P=2að Þ, for the case of a ﬂat punch proﬁle. It is
clear that there is a very good agreement between the published
results and ours obtained using the following elastic coefﬁcients
c110 ¼ c330 ¼ l0 1mð Þ12mð Þ ; c130 ¼ l0 2m12mð Þ ; c440 ¼ l0 and very small pie-
zoelectric and piezomagnetic coefﬁcients eij0; fij0; ði ¼ 1;3Þ; ðj ¼
1;3;5Þ, and for the following values of m and l0 : m ¼
0:3; l0 ¼ 25:6 109 Nm2.
The second validation was done with the results of Zhou and
Lee, 2013 where they solved a perfectly insulating punch on mul-
tiferroic materials. If one assumes that the punch is perfectly insu-
lating, the three coupled integral equations given by Eqs. (20a–c)
become
1
p
R 1
1
p sð Þ
sr ds b0a0 gp rð Þ ¼ 0; 1 6 r 6 1; ð46aÞ
1
p
R 1
1
p sð Þ
sr ds h0g0 gp rð Þ ¼ 
2
g0
h rð Þ; 1 6 r 6 1; ð46bÞ
1
p
R 1
1
p sð Þ
sr ds k0j0 gp
 rð Þ ¼  2j0 k
 rð Þ; 1 6 r 6 1: ð46cÞ
where
h rð Þ ¼ h xð Þ ¼ @/ x;0ð Þ
@x
; k rð Þ ¼ k xð Þ ¼ @w x;0ð Þ
@x
: ð47a;bÞ
The unknown in Eqs. (46a–c) is the contact pressure p rð Þ. Note that
both the normal electric displacement and the normal magnetic
induction are equal to zero in this case.
Fig. 3 shows the normalized normal contact stress ryy x;0ð Þ=r0,
the in-plane stress rxx x;0ð Þ=r0, the in-plane electric displacement
Dx x;0ð Þ=D0 D0 ¼ r0e330=c330ð Þ and the in-plane magnetic induction
Bx x;0ð Þ=B0 B0 ¼ r0f330=c330ð Þ r0 ¼ P=2að Þ distributions for a perfectly
insulating rigid ﬂat punch on the homogeneous magneto-electro-
elastic half-plane. The present results are compared with Zhou
and Lee (2013). It is worth noting that Fig. 3(a)–(d) correspond to
Figs. 4, 6, 7 and 8 in Zhou and Lee (2013). As clearly shown, an
excellent agreement is observed.
5.2. Magneto-electro-mechanical ﬁeld analysis
In this section, the calculations are performed for a perfectly
conducting punch on a magneto-electro-elastic half-plane with
the volume fraction of the piezomagnetic phase being ﬁxed at
v ¼ 0:5 (see Table 2).
Table 3 shows some examples for the stress intensity factor by
varying the friction coefﬁcient g from 0 to 0.9. The table also gives
the powers of stress singularity b1 and a1, respectively at the lead-
ing x ¼ að Þ and the trailing x ¼ að Þ ends of the punch correspond-
ing to the volume fraction v ¼ 0:5. It should be noted that the
weight function describing the asymptotic behavior of the contact
stresses are dependent on the coefﬁcient of friction, g and the elas-
tic, piezoelectric, piezomagnetic, electromagnetic constants,
cij0; eij0; fij0; gij0; ði ¼ 1;3;4Þ; ðj ¼ 1;3;4;5Þ, the dielectric permittivi-
ties, eij0; ði; j ¼ 1;3Þ, and the magnetic permeabilities,
lij0; ði; j ¼ 1;3Þ (see for example, the material properties given in
Table 2). This is an important observation that the power of stress
singularities a1 and b1 depend only on the material properties and
the coefﬁcient of friction but nothing else. The singularity at the
trailing end of the punch is stronger than that at the leading end
(i.e., a1j j > b1j jÞ. It can be also seen from Table 3 that when the slid-
ing contact interface between the punch and the magneto-electro-
elastic half-plane becomes more frictional, the stress intensity fac-
tor decreases.
The effect of the friction coefﬁcient, g, on the normalized con-
tact pressure ryy x;0ð Þ=r0 and shear stress rxy x;0ð Þ=r0; r0 ¼ð
P=2a; P ¼ 1 kN m1; a ¼ 0:01 mÞ are shown in Fig. 4(a) and (b).
It can be seen from Fig. 4(a) that increasing g from 0 to 0:9
(b) (a) 
(d) (c) 
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Fig. 3. Validation of the normalized (a) normal stress ryy x;0ð Þ=r0, (b) in-plane stress rxx x;0ð Þ=r0, (c) in-plane electric displacement Dx x;0ð Þ=D0 D0 ¼ r0e330=c330ð Þand (d) in-
plane magnetic induction Bx x;0ð Þ=B0 B0 ¼ r0f330=c330ð Þ r0 ¼ P=2að Þdistributions for a homogeneous magneto-electro-elastic half-plane subjected to the action of a perfectly
insulating ﬂat punch; comparison with Zhou and Lee solution (Zhou and Lee, 2013, in press); v ¼ 0:5 (Table 2) P ¼ 1 kN m1; T ¼ 0 Cm1; J ¼ 0 Am1; a ¼ 0:01 m
 
. Note:
(Fig. 3(a)–(d) should be compared with Figs. 4, 6, 7 and 8 in Zhou and Lee, 2013).
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Fig. 4. Effect of the friction coefﬁcient on the (a) normalized normal stress ryy x;0ð Þ=r0, (b) normalized shear stress rxy x;0ð Þ=r0 r0 ¼ P=2að Þ, (c) normal electric displacement
Dy x;0ð Þand (d) normal magnetic induction By x;0ð Þdistributions for the case of a ﬂat punch; v ¼ 0:5 (Table 2) P ¼ 1 kN m1; T ¼ 106 Cm1; J ¼ 105 Am1; a ¼ 0:01 m
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3786 R. Elloumi et al. / International Journal of Solids and Structures 50 (2013) 3778–3792decreases the surface stress concentration near the trailing edge
x ¼ að Þ but increases the surface stress concentration near the lead-
ing edge x ¼ að Þ. However, it is clear from Fig. 4(b) that increasingTable 3
Normalized stress intensity factork1 að Þ=Pab1 at the ﬂat punch ends P ¼ 1 kN m1; a ¼

0:01 mÞ;v ¼ 0:5.
a1 b1 k1 að Þ=Pab1
g ¼ 0 0.5 0.5 0.3183
g ¼ 0:3 0.5412 0.4588 0.3156
g ¼ 0:6 0.5811 0.4189 0.3080
g ¼ 0:9 0.6186 0.3814 0.2977
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Fig. 5. Effect of the mechanical loading on the (a) normal electric displacement Dy x;0ð Þ
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Fig. 6. Effect of the friction coefﬁcient on the normalized (a) in-plane stress rxx x;0ð Þ=r
magnetic induction Bx x;0ð Þ=B0 B0 ¼ r0f330=c330ð Þ r0 ¼ P=2að Þdistributions for the ca
105 Am1; a ¼ 0:01 mÞ.g has a tendency to increase the tangential contact stress of both
the leading and the trailing edges.
Fig. 4(c) and (d) depict the effect of the friction coefﬁcient, g, on
the normalized normal electric displacement Dy x;0ð Þ and normal
magnetic induction By x;0ð Þ distributions for the electric charge
T ¼ 106 Cm1 and the electric current J ¼ 105 Am1, respectively.
It is found that both Dy x; 0ð Þ and By x; 0ð Þ are insensitive to the var-
iation of the friction coefﬁcient.
As can be expected, the contact pressure, the electric
charge and the magnetic induction distributions show a typi-
cal square root singularity behavior at both ends x ¼ a for
the frictionless case (g ¼ 0Þ. For this case, all the curves are
symmetric since the powers of stress singularity b1 and a1 be-
comes 0.5.(b) 
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and (b) normal magnetic induction By x;0ð Þdistributions; v ¼ 0:5 (Table 2), g ¼ 0:6.
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0, (b) in-plane electric displacement Dx x;0ð Þ=D0 D0 ¼ r0e330=c330ð Þ and (c) in-plane
se of a ﬂat punch; v ¼ 0:5 (Table 2) P ¼ 1 kN m1; T ¼ 106 Cm1; J ¼

Table 4
Values of A given by Eq. (23),a1 and b1 for different values of the volume fraction
v; g ¼ 0:6.
v A a1 b1
0 0.2429 0.5460 0.4540
0.25 0.7922 0.6412 0.3588
0.5 0.4342 0.5811 0.4189
0.75 0.2691 0.5510 0.4490
1 0.1777 0.5338 0.4662
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netic induction By x;0ð Þ distributions on the top surface under the
ﬂat punch a ¼ 0:01 mð Þ with different combinations of electric
and magnetic loads for a ﬁxed value of the friction coefﬁcient,
g ¼ 0:6. The results of surface electric displacement distribution
at T ¼ 106 Cm1; P ¼ 1;5;10 kN m1 are plotted in Fig. 5a and
those of the surface magnetic induction distribution at
J ¼ 105 Am1; P ¼ 1;5;10 kN m1 are given in Fig. 5(b). It is seen
from Fig. 5(a) and (b) that an increase in the applied normal load
decreases the electric displacement (magnetic induction) near
the trailing edge x ¼ að Þ but increases the surface stress concentra-
tion near the leading edge x ¼ að Þ.
Fig. 6(a) shows the effect of the friction coefﬁcient on the nor-
malized in-plane stress rxx x;0ð Þ=r0 r0 ¼ P=2a; P ¼ 1 kN m1;

a ¼ 0:01mÞ. For g ¼ 0, the in-plane stress, rxx x;0ð Þ=r0 at both
end of the punch are compressive. For g > 0;rxx x;0ð Þ=r0 is com-((a)
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Fig. 7. Effect of the volume fraction on the (a) normalized normal stress ryy x;0ð Þ=r0, (b
Dy x;0ð Þand (d) normal magnetic induction By x;0ð Þdistributions for the case of a ﬂat punpressive inside the contact region a < x < að Þ and behind the
leading edge x < a but tensile after the trailing edge x > aof the
punch. As g increases, the normalized in-plane tensile stress
rxx x;0ð Þ=r0 increases sharply at the trailing edge. These results
imply that the peak value of the normalized in-plane tensile
stress rxx x;0ð Þ=r0 can be effectively lowered by decreasing the
friction coefﬁcient and therefore modify the frictional contact
damage.
Fig. 6(b) and (c) illustrate the inﬂuence of the friction coefﬁcient
on the normalized in-plane electric displacement Dx x;0ð Þ=D0 D0 ¼ð
r0e330=c330Þ and in-plane magnetic induction Bx x;0ð Þ=B0 B0 ¼ð
r0f330=c330Þ r0 ¼ P=2að Þ distributions. The in-plane electric
displacement and the in-plane magnetic induction are unbounded
and discontinuous at both the leading and the trailing edges of the
ﬂat punch. Inside the contact region, the in-plane electric displace-
ment and the in-plane magnetic induction are of zero value when
the contact between the surface of the magneto-electro-elastic
materials and the ﬂat punch become frictionless g ¼ 0ð Þ. As the
friction coefﬁcient g increases, the magnitude of the in-plane
electric displacement and the in-plane magnetic induction become
smaller in the contact region a < x < að Þ but are insensitive to the
variation of the friction coefﬁcient behind the leading edge
x < að Þ and after the trailing edge x > að Þ. Fig. 6(b) (c) show that
for magneto-electro-elastic materials, in addition to singularities
of various stresses, singularities of in-plane electric displacement
and the in-plane magnetic induction at both edges of the ﬂat punch
also may cause surface damage.b)
d)
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.
3788 R. Elloumi et al. / International Journal of Solids and Structures 50 (2013) 3778–37925.3. Coupling effect
In the following, we consider ﬁve different cases of material
combinations, by taking the volume fraction of CoFe2O4 as
v ¼ 0;0:25;0:5;0:75 and 1, respectively (Table 2). The values
v ¼ 0 and v ¼ 1 correspond, respectively, to a purely piezoelectric
composite and a purely piezomagnetic composite. The friction
coefﬁcient g is ﬁxed at 0.6.
Table 4 gives the values of A given by Eq. (23) which directly af-
fects the powers of stress singularity b1 and a1 at the leading
x ¼ að Þand the trailing x ¼ að Þ ends of the ﬂat punch, respectively.
It should be noted that a1 and b1 depend on the volume fraction v
and the singularity at the trailing end of the punch is stronger than
that at the leading end (i.e., a1j j > b1j jÞ.
Figs. 7 and 8 show the effect of the volume fraction v on the
normalized contact pressure ryy x;0ð Þ=r0, the normalized shear
stress distribution rxy x;0ð Þ=r0, the normal electric displacement
Dy x;0ð Þ, the normal magnetic induction By x;0ð Þ, the normalized
in-plane stress distribution rxx x;0ð Þ=r0, the normalized in-plane
electric displacement Dx x;0ð Þ=D0 D0 ¼ r0e330=c330ð Þ and the nor-
malized in-plane magnetic induction Bx x;0ð Þ=B0 B0 ¼ r0f330=c330ð Þ
r0 ¼ P=2að Þ distributions.
When v ¼ 0, the magnetic ﬁeld in the material uncouples from
the coupled electro-elastic ﬁeld. In this case, the magnetic ﬁeld in
the half-space is zero and does not affect the electro-elastic ﬁeld.
Similarly, for v ¼ 1, the electric ﬁeld becomes independent of the
coupled magneto-elastic ﬁeld in the half-space and a change in
the electric property of the punch does not affect the magneto-
elastic ﬁeld.It is worth noting that the magneto-electro-elastic coupling
can signiﬁcantly alter the magnitude of stress components, elec-
tric displacement and magnetic induction. This result is remark-
able and should be of a great interest in the material analysis
and design.6. Conclusions
The present paper investigated the frictional sliding 2D-plane
contact problem between a homogeneous magneto-electro-elastic
half-space and a perfectly conducting rigid ﬂat punch subjected to
magneto-electro-mechanical loads. Using Fourier transform, the
resulting magneto-electro-elasticity equations were converted
analytically into a system of three coupled singular integral equa-
tions which were solved analytically to yield a closed-form solu-
tion for the contact stresses, electric displacement and magnetic
induction distributions.
The developed formulation was ﬁrst validated based on the re-
sults of Guler and Erdogan (2004) who considered the frictional
sliding contact problem of a homogeneous half-plane under the
action of a rigid punch. The formulation was then validated based
on the results reported by Zhou and Lee (2013) who solved the
case of a perfectly insulating punch acting on multiferroic
materials.
An extensive parametric study was then carried out. Our re-
sults indicate that for a ﬂat punch, contact stresses, electric dis-
placement and magnetic induction distributions are unbounded
at both edges. The friction coefﬁcient signiﬁcantly affects the
sliding contact behavior. Our results also show that a complete
R. Elloumi et al. / International Journal of Solids and Structures 50 (2013) 3778–3792 3789coupling theory should be used for an accurate prediction of the
indentation response, which can be used to characterize the
material properties. Coupling among the elastic, electric and
magnetic ﬁelds provide more feasible ways in controlling the
magnitude as well as the distribution of various physical ﬁelds
in the half-space. This interesting feature could stimulate impor-
tant applications of advanced technologies such as magnetically
writing and electrically reading memory, atomic force micros-
copy based micro painting ferroelectric/ferromagnetic domain
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ðB:3dÞAppendix C. Expressions of the elements Hij; i ¼ 1; . . . ;4ð Þ;
j ¼ 1; . . . ;4ð Þ, appearing in (13)
H1j ¼ ic130 þ c330Mj þ e330Nj þ f330Lj
 	
kjn; j ¼ 1; . . . ;4ð Þ; ðC:1aÞ
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 	
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kjn; j ¼ 1; . . . ;4ð Þ: ðC:1dÞAppendix D. Expressions of uj;wj; vj and dj; j ¼ 1; . . . ;4ð Þ,
appearing in (15)
u1 ¼ H22ðH33H44  H43H34Þ  H32ðH23H44  H43H24Þ
þ H42ðH23H34  H33H24Þ; ðD:1aÞ
u2 ¼ H21ðH33H44  H43H34Þ þ H31ðH23H44  H43H24Þ
 H41ðH23H34  H33H24Þ; ðD:1bÞ
u3 ¼ H21ðH32H44  H42H34Þ  H31ðH22H44  H42H24Þ
þ H41ðH22H34  H32H24Þ; ðD:1cÞ
u4 ¼ H21ðH32H43  H42H33Þ þ H31ðH22H43  H42H23Þ
 H41ðH22H33  H32H23Þ; ðD:1dÞ
w1 ¼ H12ðH33H44  H43H34Þ þ H32ðH13H44  H43H14Þ
 H42ðH13H34  H33H14Þ; ðD:1eÞ
w2 ¼ H11ðH33H44  H43H34Þ  H31ðH13H44  H43H14Þ
þ H41ðH13H34  H33H14Þ; ðD:1fÞ
w3 ¼ H11ðH32H44  H42H34Þ þ H31ðH12H44  H42H14Þ
 H41ðH12H34  H32H14Þ; ðD:1gÞ
w4 ¼ H11ðH32H43  H42H33Þ  H31ðH12H43  H42H13Þ
þ H41ðH12H33  H32H13Þ; ðD:1hÞ
v1 ¼ H12ðH23H43  H24H34Þ  H22ðH13H44  H43H14Þ
þ H42ðH13H24  H23H14Þ; ðD:1iÞ
v2 ¼ H11ðH23H44  H43H24Þ þ H21ðH13H44  H43H14Þ
 H41ðH13H24  H23H14Þ; ðD:1jÞ
v3 ¼ H11ðH22H44  H42H24Þ  H21ðH12H44  H42H14Þ
þ H41ðH12H24  H22H14Þ; ðD:1kÞ
v4 ¼ H11ðH22H43  H42H23Þ þ H21ðH12H43  H42H13Þ
 H41ðH12H23  H22H13Þ; ðD:1lÞ
d1 ¼ H12ðH23H34  H33H24Þ þ H22ðH13H34  H33H14Þ
 H32ðH13H24  H23H14Þ; ðD:1mÞ
d2 ¼ H11ðH23H34  H33H24Þ  H21ðH13H34  H33H14Þ
þ H31ðH13H24  H23H14Þ; ðD:1nÞ
d3 ¼ H11ðH22H34  H32H24Þ þ H21ðH12H34  H32H14Þ
 H31ðH12H24  H22H14Þ; ðD:1oÞ
d4 ¼ H11ðH22H33  H32H23Þ  H21ðH12H33  H32H13Þ
þ H31ðH12H23  H22H13Þ; ðD:1pÞAppendix E. Expressions of kernels Kij x; tð Þ; ði; j ¼ 1; . . . ;4Þ,
appearing in (17)
K11 x; tð Þ ¼ lim
y!0
Z þ1
1
X4
j¼1
uj e
kj aj jyeia txð Þda; ðE:1aÞ
R. Elloumi et al. / International Journal of Solids and Structures 50 (2013) 3778–3792 3791K12 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
wje
kj aj jy eia txð Þda; ðE:1bÞK13 x; tð Þ ¼ lim
y!0
Z þ1
1
X4
j¼1
vje
kj aj jy eia txð Þda; ðE:1cÞK14 x; tð Þ ¼ lim
y!0
Z þ1
1
X4
j¼1
djekj aj jy eia txð Þda; ðE:1dÞK21 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Mjuje
kj aj jy eia txð Þda; ðE:1eÞ
K22 x; tð Þ ¼ lim
y!0
Z þ1
1
X4
j¼1
Mjwje
kj aj jy eia txð Þda; ðE:1fÞ
K23 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Mjvje
kj aj jy eia txð Þda; ðE:1gÞ
K24 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Mjdjekj aj jy eia txð Þda; ðE:1hÞ
K31 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Njuje
kj aj jy eia txð Þda; ðE:1iÞ
K32 x; tð Þ ¼ lim
y!0
Z þ1
1
X4
j¼1
Njwje
kj aj jy eia txð Þda; ðE:1jÞ
K33 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Njvjekj aj jy eia tx
ð Þda; ðE:1kÞ
K34 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Njdjekj aj jy eia txð Þda; ðE:1lÞK41 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Ljuje
kj aj jy eia txð Þda; ðE:1mÞK42 x; tð Þ ¼ lim
y!0
Z þ1
1
X4
j¼1
Ljwje
kj aj jy eia txð Þda; ðE:1nÞ
K43 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Ljvjekj aj jy eia txð Þda; ðE:1oÞ
K44 x; tð Þ ¼ lim
y!0
Z þ1
1
i
aj j
a
X4
j¼1
Ljdjekj aj jy eia txð Þda; ðE:1pÞ
where Mj;Nj; Lj;uj;wj;vj and dj; j ¼ 1; . . . ;4ð Þ, are given by Eqs. (10)
and (D.1a–p), respectively.
Appendix F. Relations used to obtain Eq. (18)
Z þ1
1
i
aj j
a
ejajyeia txð Þda ¼ 2 t  xð Þ
t  xð Þ2 þ y2
; y < 0; ðF:1aÞ
Z þ1
1
ejajyeia txð Þ da ¼ 2y
t  xð Þ2 þ y2
; y < 0: ðF:1bÞlim
y!0
Z þ1
1
2 t  xð Þ
t  xð Þ2 þ y2
dt ¼ 1
t  xð Þ ; ðF:2aÞ
lim
y!0
Z þ1
1
y
t  xð Þ2 þ y2
dt ¼ pd t  xð Þ: ðF:2bÞAppendix G. Expressions of a0;b0; c0;d0; e0; f0; g0;h0; i0; j0;k0; l0;
m0;n0;p0;q0, appearing in Eq. (18)
a0 ¼
X4
j¼1
Mjuj; b0 ¼ 
X4
j¼1
Mjwj; c0 ¼
X4
j¼1
Mjvj; m0 ¼
X4
j¼1
Mjdj;
ðG:1a-dÞ
d0 ¼
X4
j¼1
uj; e0 ¼
X4
j¼1
wj; f 0 ¼
X4
j¼1
vj; n0 ¼
X4
j¼1
dj; ðG:1e-hÞ
g0 ¼
X4
j¼1
Njuj; h0 ¼ 
X4
j¼1
Njwj; i0 ¼
X4
j¼1
Njvj; p0 ¼
X4
j¼1
Njdj;
ðG:1i-lÞ
j0 ¼
X4
j¼1
Ljuj; k0 ¼ 
X4
j¼1
Ljwj; l0 ¼
X4
j¼1
Ljvj; q0 ¼
X4
j¼1
Ljdj;
ðG:1m-pÞ
where Mj;Nj; Lj;uj;wj;vj and dj; j ¼ 1; . . . ;4ð Þ, are given by Eqs. (10)
and (D.1a–p), respectively.
Appendix H. Expressions of Lij; i ¼ 2; . . . ;4ð Þ; j ¼ 1; . . . ;4ð Þ,
appearing in (41a–c) and (42a–f)
L21 ¼ c110d0 þ 1D c130D11 þ e310D21 þ f310D31ð Þ; ðH:1aÞ
L22 ¼ c110f0 þ 1D c130D12 þ e310D22 þ f310D32ð Þ; ðH:1bÞ
L23 ¼ c110n0 þ 1D c130D13 þ e310D23 þ f310D33ð Þ; ðH:1cÞ
L24 ¼ c110e0 þ 1D c130D14 þ e310D24 þ f310D34ð Þ: ðH:1dÞ
L31 ¼  e
2
150
c440
þ e110
 
g0 þ
e150f150
c440
þ g110
 
j0
 
; ðH:1eÞ
L32 ¼ e150c440 þ
e2150
c440
þ e110
 
h0 þ e150f150c440 þ g110
 
k0; ðH:1fÞ
L33 ¼  e
2
150
c440
þ e110
 
i0 þ e150f150c440 þ g110
 
l0
 
; ðH:1gÞ
L31 ¼  e
2
150
c440
þ e110
 
p0 þ
e150f150
c440
þ g110
 
q0
 
; ðH:1hÞ
L41 ¼  e150f150c440 þ g110
 
g0 þ
f 2150
c440
þ l110
 
j0
 
; ðH:1iÞ
L42 ¼ f150c440 þ
e150f150
c440
þ g110
 
h0 þ f
2
150
c440
þ l110
 
k0; ðH:1jÞ
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 
i0 þ f
2
150
c440
þ l110
 
l0
 
; ðH:1kÞ
L44 ¼  e150f150c440 þ g110
 
p0 þ
f 2150
c440
þ l110
 
q0
 
; ðH:1lÞ
where Dij; i ¼ 1; . . . ;3ð Þ; j ¼ 1; . . . ;4ð Þ and D are given by
D11 ¼ e330l330  g2330
 	
1 d0c130ð Þ þ f330g330  e330l330
 	
d0e310
 f330e330  e330g330ð Þd0f310; ðH:2aÞ
D12 ¼  e330l330  g2330
 	
f0c130  f330g330  e330l330
 	
1 f0e310ð Þ
 f330e330  e330g330ð Þf0f310; ðH:2bÞ
D13 ¼  e330l330  g2330
 	
n0c130 þ f330g330  e330l330
 	
n0e310
þ f330e330  e330g330ð Þ 1 n0f310ð Þ; ðH:2cÞ
D14 ¼ e0 e330l330  g2330
 	
c130  f330g330  e330l330
 	
e310


þ f330e330  e330g330ð Þf310; ðH:2dÞ
D21 ¼ e330l330  f330g330
 	
1 d0c130ð Þ
 f 2330 þ c330l330
 	
d0e310  e330f330  c330g330ð Þd0f310; ðH:2eÞ
D22 ¼  e330l330  f330g330
 	
f0c130  f 2330 þ c330l330
 	
1þ f0e310ð Þ
 e330f330  c330g330ð Þf0f310; ðH:2fÞ
D23 ¼  e330l330  f330g330
 	
n0c130  f 2330 þ c330l330
 	
n0e310
þ e330f330  c330g330ð Þ 1 n0f310ð Þ; ðH:2gÞ
D24 ¼ e0 e330l330  f330g330
 	
c130 þ f 2330 þ c330l330
 	
e310


þ e330f330  c330g330ð Þf310; ðH:2hÞ
D31 ¼ f330e330  e330g330ð Þ 1 d0c130ð Þ
 c330g330  e330f330ð Þd0e310 þ c330e330  e2330
 	
d0f310; ðH:2iÞ
D32 ¼  f330e330  e330g330ð Þf0c130 þ c330g330  e330f330ð Þ 1 f0e310ð Þ
þ c330e330  e2330
 	
f0f310; ðH:2jÞ
D33 ¼  f330e330  e330g330ð Þn0c130  c330g330  e330f330ð Þn0e310
 c330e330  e2330
 	
1 n0f310ð Þ; ðH:2kÞ
D34 ¼ e0
h
f330e330  e330g330ð Þc130 þ c330g330  e330f330ð Þe310
 c330e330  e2330
 	
f310
i
; ðH:2lÞ
D ¼ c330e330l330  c330g2330 þ e2330l330  2e330f330g330 þ f 2330e330
ðH:2mÞAppendix I. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.ijsolstr.2013.07.
014.
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